We consider inverse methods for predicting the channel bed topography in experiments of hydraulic falls. Nonlinear solutions and weakly nonlinear approximations from Euler-based models are compared to experimental observations. Accurate predictions are obtained for the maximum height of the topography and its constant horizontal level far downstream using the nonlinear method. The weakly nonlinear approximation is shown only to be a good predictor of the maximum height of the topography. The error in the inverse predictions is examined and discussed.
I. INTRODUCTION
Predicting fluid flow past channel or river bed topography is important, for example, in understanding the interaction and impact of surface wave patterns on erodible beds [1] . The standard approach in these flow problems is to predict the free-surface profile for a given or known topographic disturbance (see references and others). This approach is termed the forward problem [2, 3] . However, for most channel flows (e.g. a muddy stream), the shape of the free-surface is observable or known, and the topography is unknown. In this latter case, we refer to the prediction of the unknown topography as the inverse problem [2, 3] .
In this work, we develop inverse methods to predict the topography in a classical open-channel experiment of flow over a hydraulic fall. A hydraulic fall resembles a waveless flow whereby fluid cascades over the topographic disturbance (e.g. Fig. 1 ). The uniform upstream flow is subcritical and the uniform downstream flow is supercritical. Investigating hydraulic falls enables us to identify the contributing factors in the error of the predictions. This is achieved through the comparison of forward and inverse modelling predictions with experimental observations of hydraulic falls.
In the forward problem, the size of the obstacle (e.g. semicircle) is an input, and the free-surface and upstream (dimensionless) flow rate are outputs [4] [5] [6] . Conversely, the inputs for the inverse problem are the shape of the free-surface and upstream flow rate, and the output is the topography. Importantly, the output is known to be unique for a given input in the forward problem for hydraulic falls [4] [5] [6] . This removes the possibility of solution non-uniqueness, enabling comparison between modelling predictions and experimental observations. However, we note that solution uniqueness has not been established for the inverse (hydraulic fall) problem.
Previous work on the forward problem has shown that * Electronic address: benjamin.binder@adelaide.edu.au viscous effects are small, as Euler-based models accurately predict the upstream flow rate [6, 7] . Therefore, we assume that the fluid flow is inviscid in both the fully nonlinear and weakly nonlinear models. Solutions to the nonlinear problem are computed numerically using boundary integral methods [2-4, 6, 8] . We obtain weakly nonlinear approximations using a forced Korteweg-de Vries equation [4, 5, [9] [10] [11] . The nonlinear and weakly nonlinear predictions are then compared to the results of the hydraulic fall experiments. Experimental observations are recorded for hydraulic falls past two types of topography. The first, a semicircle, has slope discontinuities at the support of the obstacle (Fig. 1) . The second topography is a smooth Gaussian-type obstacle (bottom panel Fig. 2 ). Consistent with Fadda and Raad [7] and Forbes [6] , we obtain accurate nonlinear forward predictions of the upstream flow rate (and free-surface), for given topography used in the experiments. We also obtain accurate nonlinear inverse predictions for the maximum height of the topography, and its constant horizontal level in the far-field, for a given free-surface and upstream flow rate observed in the experiments. However, the nonlinear prediction of the topography is less accurate near the support of the obstacles. This is attributed to modelling assumptions, and small differences between the observed free-surface (used as an input in the inverse model) and the nonlinear solution for the free-surface in the forward problem. The weakly nonlinear approximation is only found to be reliable in predicting the maximum height of the topography in the inverse problem.
II. EXPERIMENTAL METHOD
The experiments were performed in the closed-loop water channel shown in Fig. 2 . It consists of a working section, pump, settling section and return section. The plexiglass working section has length of 2 m, width W = 0.5 m, and allows for depths up to 0.5 m. The settling section contains flow conditioning screens, to deliver a uniform stream of constant speed U and constant depth H to the working section (e.g. Fig. 1 ). The flow rate in the channel, Q = W U H, is controlled by adjusting the pump frequency. The depth-based upstream (experimental) Froude number is then Semicircular and Gaussian-type topography were used in the experiments. The semicircular topography was cut from a length of cylindrical PVC pipe of radius R * = 0.091 m (see Fig. 1 ). Plasticine was used to seal the edges of the topography that were in contact with the working section of the channel. In Cartesian coordinates (x * , y * ), the equation of the semicircular topography is
The Gaussian-type topography consists of three sections, each made of plaster strengthened with chicken wire and sealed with epoxy resin (bottom panel, Fig. 2 ). Plasticine was used to seal any small gaps between the three sections and the channel. The upstream section (0.6 m in length) plateaus at 0.2 m, connecting at the same height with the central section (0.7 m in length). The central section then connects to the downstream section, which has dimensions of 0.6 m length × 0.2 m height. The Gaussian-type bump (central section) sits on top of the channel bed, now raised by 0.2 m, and is prescribed by
with H * = 0.111 m. A digital single-lens reflex Nikon D40X camera was used to photograph the steady flow (hydraulic falls, e.g. Fig. 1 ). The contrast in the images of the free-surface profiles was enhanced with GNU Image Manipulation Program software. Data points were extracted at one centimetre increments in x * from the images of the freesurface profiles using DataThief. We found no measurable geometric distortion in the image processed data points. This was verified by comparing several image processed data points to data points that were manually recorded on transparent grids attached to the front wall of the working section (see Fig. 1 ). The data points were then smoothed using a moving average filter in Matlab, completing the data collection process.
To compare experimental results with modelling predictions, it is convenient to introduce dimensionless quan-
for the semicircle, and
for the Gaussian-type topography. The dimensionless data points for the experimental free-surface profiles are denoted by (x j ,ŷ j ), for j = 1, . . . ,N .
III. FLOW MODELS
We consider a nonlinear flow model and a weakly nonlinear approximation to model the hydraulic falls. In both cases, we assume two-dimensional, steady, irrotational flow of an inviscid fluid (i.e. the potential flow model).
The weakly nonlinear flow approximation is modelled with a Korteweg-de Vries equation [4, 5, [9] [10] [11] 
where η = y − 1 and F is the upstream Froude number. For the forward problem, there is a one parameter family of hydraulic fall solutions [4] [5] [6] for given values of either α or β (i.e. the size of the bump used in the experiments). This means that the Froude number must come as part of the solution in the forward problem, and we denote this as F = F F . Both far upstream and far downstream of the disturbance, the flow is uniform and the topography is flat, implying that η xx (±∞) = σ(±∞) = 0. Equation (1) For the inverse problem, the inputs are the dimensionless experimental free-surface data points (x j ,η j ) = (x j ,ŷ j − 1), and the experimental Froude number, F E . Topography predictions are obtained by discretising Eqn. (1), yielding
where δ j = (x j+1 −x j−1 )/2, for j = 2, . . . ,N − 1. Assuming that the topography satisfies σ x (±∞) = 0, we have σ 1 = σ 2 and σN = σN −1 . The weakly nonlinear approximation to the inversely found topography is then given by σ j , for j = 1, . . . ,N .
To solve the nonlinear problem, we implement boundary integral methods. Numerical solutions for the forward problem with the semicircle are those of Forbes [6] , where the singularities associated with the slope discontinuities of the topography are removed in the formulation of the method. Forward nonlinear solutions for the Gaussian-type topography and all nonlinear inverse solutions are obtained by modifying a boundary integral method [2] [3] [4] 8] , giving a system of equations
for −∞ < s < ∞. The ± notation in Eqns. (3)- (6) denotes quantities on the free-surface and topography respectively, and θ ± is the angle measured from the horizontal.
Numerical solutions are computed for both the forward (Gaussian-type topography) and inverse problems by introducing a mesh, 
in either the forward or inverse problem.
In the forward problem (Gaussian-type topography), we have y − = σ. Equation (7) then yields N algebraic equations for the known angles of the topography. Along with Eqn. (3), this gives a total of 2N − 1 algebraic equations for the 2N + 1 unknowns (θ ± i and the Froude number F = F F ). As the flow is uniform in the far-field, we impose that θ + 1 = θ + N = 0 to close the system, which is solved using Newton's method.
For the inverse problem, values of y + are estimated by interpolating the experimental data points (x j ,ŷ j ) of the free-surface. The derivative in Eqn. (7) is then approximated using finite differences, yielding N algebraic equations. This gives a total of 2N − 1 algebraic equations for the 2N unknowns θ ± i , for a given value of the Froude number F = F E . To close the system, we impose that θ − N = 0. The system is then solved using Newton's method.
To check the convergence of the numerical method for the inverse problem, we first compute a solution to the forward problem. The forward results are then used as inputs to pre-condition the inverse solution, which is found to converge. Using this approach, we find that both forward and inverse solutions are independent of truncation |1/2N ∆| and mesh spacing ∆. The results presented in Fig. 4(b) are converged to within graphical accuracy for N = 150 and ∆ = 0.4.
However, when computing the inverse solution to an experimentally obtained free-surface profile, we cannot precondition the method for the shape of the unknown topography. This is because we obtain data points (x j ,ŷ j ) in Cartesian co-ordinates, but the method solves for θ ± on the mesh s i . Therefore, we set the values of θ − on the channel bottom to zero, as an initial guess in Newton's method for the inverse problem. An advantage of our method is that it shows reasonably accurate solutions can be obtained from a general inverse method, without pre-conditioning. However, although this method gives results that are independent of truncation |1/2N ∆|, the solutions exhibit ill-conditioning for ∆ < 0.35, and the numerical method does not converge for ∆ < 0.2. 
IV. DISCUSSION
Results for hydraulic falls with the semicircular topography are presented in Fig. 3 . Forward solutions for the weakly nonlinear and nonlinear free-surface profiles (upper solid curves in panels (a) and (b), respectively) both compare reasonably well to the experimental profile (upper broken curves in panels (a) and (b)). However, more noticeable differences are observed between the inverse solutions for the topography (lower broken curves in panels (a) and (b)), and the semicircular topography used in the experiment (lower solid curves in panels (a) and (b)). This is particularly noticeable for the weakly nonlinear prediction of the topography far downstream.
The disparity between the weakly nonlinear and experimental topography is explained by discretising the Korteweg-de Vries equation (1) far downstream where η xx ≈ 0, which gives
AsηN ≈ η(∞) = 4/3(F F −1), the error in Fig. 3(a) is due to the difference in the Froude numbers F F − F E = 0.1. This is further illustrated in Fig. 3(c) , where the weakly The difference between the maximum height of the inversely found topography, M , and the dimensionless radius of the semicircle used in the experiments, α, provides another measure of error, E = |M − α|. Both the weakly nonlinear (crosses) and nonlinear (circles) error is an order of magnitude smaller than α, for the five experiments shown in Fig. 3(d) . This suggests that both inverse models accurately predict the maximum height of the topography.
We now examine the predictions of the nonlinear model in Fig. 3(b) . We see that the forward solution accurately predicts both the free-surface (upper solid and broken curves) and Froude number. The inverse solution accurately predicts both the maximum height of the obstacle and the level of the topography far downstream (lower solid and broken curves). The most noticeable difference occurs near the two slope discontinuities, x = ±α, which are essentially removed from the model in the forward solution of Forbes [6] . However, the possibility of such discontinuities is not considered in the formulation of our nonlinear model. This provides an explanation of the significant differences in the inverse prediction of the topography, despite the forward solution being almost indistinguishable from the free-surface profile found in the experiment.
The results for the smooth Gaussian-type typography in Fig. 4(b) suggest that the discontinuities are not the only factor contributing to the error in the inverse predictions. Similar to the results for the semicircle, we see in Fig. 4(b) that the forward nonlinear solution accurately predicts the shape of the free-surface in the experiment for the smooth topography. However, although the error is reduced somewhat, we still observe significant differences in the inverse prediction of the topography near the upstream support of the bump. The forward and in-verse nonlinear solutions are both based on the same set of Eqns. (3-7) for the smooth topography. Therefore, we hypothesise that small differences in the shape of the free-surface profiles (upper broken and solid curves, 4(b)) produce more noticeable differences in the corresponding topographies (lower broken and solid curves, 4(b)). To test this rationale, we perturb the inversely found topographies (lower broken curves, Figs. 3(b) and 4(b) ), with the perturbation p(x) = ae −b(x−xp) 2 .
We then use the perturbed topographies (lower dotted curves, Figs To summarise, both weakly nonlinear and nonlinear models accurately predict the maximum height of the obstacle in the channel. However, only the nonlinear model accurately predicts the Froude number, free-surface profile, and level of the topography in the far-field. The discrepancies in the nonlinear inverse prediction for the smooth topography are primarily due to small differences between the forward solutions and observed free-surface profiles.
It is worth mentioning that in the physical flow there will be re-circulating regions of flow near the support of the obstacles. As the models considered here are based on the potential flow assumption, they cannot predict these re-circulatory regions. We conjecture that the nonlinear inverse solutions might predict the boundary of the recirculating regions within the flow (lower broken curves in Figs. 3(b) and 4(b) ). Investigation of this is left to future research.
